Abstract. We show that if H is a reductive group, then nth roots of conjugacy classes are a finite union of conjugacy classes, and that if G is an algebraic overgroup of H, then the intersection of H with a conjugacy class of G is a finite union of H-conjugacy classes. These results follow from results on finiteness of unipotent classes in an almost simple algebraic group.
Introduction
Let G be a reductive algebraic group over an algebraically closed field k (i.e. G has no normal unipotent subgroup of positive dimension). Note that G need not be connected and is reductive if and only if its connected component containing 1 is reductive.
Conjugacy classes of unipotent elements in algebraic groups with simple connected components are reasonably well understood (even in the disconnected case). In particular, it is known that there are only finitely many conjugacy classes of such elements.
The point of this article is to use this to deduce some interesting consequences about conjugacy classes in reductive groups. Our main results are: Theorem 1.1. Let G be a reductive algebraic group over an algebraically closed field k. Let C be a conjugacy class in G and n a positive integer. Then D := {x ∈ G|x n ∈ C} is a finite union of conjugacy classes. In particular, G has only finitely many conjugacy classes of elements of order n.
It is well known that there are only finitely many conjugacy classes of elements of order n in a connected reductive group. See [2] .
Theorem 1.2. Let G be an algebraic group over an algebraically closed field k. If H is a reductive subgroup of G and C is a conjugacy class of G, then C ∩ H is a finite union of H-conjugacy classes.
An immediate consequence is a result about dimensions of intersections of subgroups and conjugacy classes.
Corollary 1.3. Let C be a conjugacy class of the algebraic group
These results are known in many cases. Once we have the result about unipotent conjugacy classes, it is not difficult to deduce these results.
Of course, these results are false for nonreductive groups (for example take G to be a positive-dimensional unipotent group). It does hold in some cases for parabolic subgroups of reductive groups, but not always (see [6] for examples). Ben Martin and Gerhard Röhrle have asked whether there is an analog of Theorem 1.2 for H a reductive subgroup of G acting on G n for n > 1 (i.e. G acts on G n by simultaneous conjugation-if X is a G-orbit in G n , when is X ∩ H n a finite union of H-orbits?). This has a positive answer in certain cases (for example, by Weil this is true for finite subgroups of order coprime to the characteristic, and somewhat more generally by results of Slodowy [8] ). See also [5] and [1] .
The paper is organized as follows. In the next section, we gather some preliminary results, and in the third section we prove Theorems 1.1 and 1.2. We give the proofs for algebraic groups over an algebraically closed field k of characteristic p > 0. The proofs in characteristic zero are easier but slightly different. One can also deduce the characteristic zero results from the positive characteristic results.
Preliminary results
Let k be an algebraically closed field of characteristic p > 0. All algebraic groups are over the field k. If H is an algebraic group, we let H 0 denote the connected component of H containing 1.
The following results are crucial for our results. See the book by Spaltenstein [10] . See also Lusztig [3] and Sorlin [9] . Note that the disconnected case essentially occurs only for p = 2 or 3. Lusztig [3] proved the result in the connected case. Richardson [7] had earlier proved the result in many cases.
Theorem 2.1. Let S be a simple algebraic group. There are only finitely many conjugacy classes of unipotent elements in S.

Theorem 2.2. Let S be a simple algebraic group of characteristic
p. Let S ≤ G ≤ Aut(S). If x ∈ G \ S has order p a ,
then there are only finitely many S-classes of elements of prime power order in the coset xG.
We will also use the following result of Steinberg [11] .
Lemma 2.3. Let x be an automorphism of the algebraic group G. Then x normalizes some Borel subgroup of G.
We also need the following well-known easy result. Proof. There is no harm in assuming that G = T, x with x of order r. It suffices to show that the coset xT contains only finitely many conjugacy classes of elements of order r. Let V = [x, T ]. Then V is a normal subtorus of G. If V = T , then all elements in xT are conjugate, and so the result holds. If V = 1, then x commutes with T and so G = T × y , where y has order dividing r and G has only finitely many elements of order r. If V = 1, then by induction, there are only finitely many conjugacy class of elements dividing r in G/V , and so we may reduce to the case that V = T -a case already dealt with.
The main results
As in the previous section, we fix an algebraically closed field of characteristic p and assume that p > 0.
We first prove a result in the case of elements of order prime to p. In the first result, we do not need to assume that the group is reductive. The next two results (at least when the group is reductive) follow from the (equivalent) notions of strongly reductive (introduced by Richardson) and completely reducible subgroups (introduced by Serre). See [5] and [1] . We now prove (2). Then every conjugacy class of elements of order r has a representative in N S (T ), and so it suffices to prove (2) when T is normal in S, i.e. J = T × U . By the previous result, we see that there are only finitely many conjugacy classes of order r in S/U . On the other hand, since r is prime to p, the coset xU contains a unique conjugacy class of elements of order r.
In order to use induction, we need to know that centralizers of p -elements are reductive. This also follows from results in [1] .
Lemma 3.2. Let G be a reductive algebraic group and x an automorphism of order
Proof. Suppose not, and let G be a counterexample of minimal dimension. There is no loss in assuming that G is connected (since the centralizer of x of the connected component has finite index in C G (x)). So G is a central product of a torus and a semisimple group. By minimality, we may assume that G is either a torus or semisimple. If G is a torus, so is the connected component of C G (x). So we may assume that G is semisimple and that x permutes the components of G transitively. If there are d components, then we see that
, where L is a component. So we may assume that d = 1. There is no harm in assuming that x has prime order (for by induction on the order of x, the centralizer of x e is reductive, and we can consider x acting on that). So either x is inner and so C G (x) is the centralizer of a semisimple element and therefore reductive, or x is a graph automorphism of order 2 or 3. By inspection, C G (x) is reductive in these cases.
We next deal with unipotent elements and give an easy extension of the Spaltenstein result. Since we are in positive characteristic p, we say an element is unipotent if it is of order a power of p. Proof. We induct on dim H. If dim H = 0, H is finite, and the result is clear. Let N be a minimal normal connected subgroup of H. So N is reductive. The result is true for H/N by induction. Thus, there are finitely many unipotent elements u 1 , . . . , u t such that uN is conjugate to one of the u i N for any unipotent u ∈ G. So it suffices to prove the result for H = N, u with u unipotent. Thus, we are reduced to the case that N = H 0 . By the minimality of N , it follows that either N is a central product of simple algebraic groups each isomorphic to L, a fixed simple algebraic group, or N is a torus.
If N is a torus, apply Theorem 3.1. If N is semisimple, then passing to H/Z(N ) allows us to assume that Z(N ) = 1. Indeed, we may pass to H/C H (N ), and so assume that C H (N ) = 1 and that u permutes transitively the t components of N . So t is a power of p. So H is a finite index subgroup of K := Aut(L) Z/t. In this group, it is straightforward to compute that two elements u, v inducing the same t-cycle on N are conjugate if and only if u t and v t are conjugate. By Theorem 2.2, there are only finitely many conjugacy classes represented by elements v t . So the result holds in K. Since H has finite index in K, each conjugacy class of K is a finite union of H-conjugates, whence the result holds.
We can combine the previous results to obtain: Proof. We induct on n. If n is a power of the characteristic, the previous result applies. So write n = p a n , where p does not divide n . By the p -result, there are only finitely many conjugacy classes of elements of order n . If y has order n , then its centralizer is reductive and so contains only finitely many conjugacy classes of unipotent elements, whence there are only finitely many conjugacy classes of elements of order n with p -part y. This completes the proof.
We now can prove Theorem 1.1. 
